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Abstract—A sequence of samples of a periodic signal can
be treated as a point in a multi-dimensional space. All such
sequences of a given length and taken at a given sampling
rate form a closed curve. We prove that this curve determines
the period of the sampled signal, even if the sequences are of
short length and are taken at a sub-Nyquist rate. This result is
obtained with a help of the theory of rotation numbers developed
by Poincar. We also prove that the curve of sample-sequences
determines the sampled signal up to a time shift provided that
the ratio of the sampling period to the period of the signal is
irrational. Eventually, we give an example, which shows that the
same is not true if this ratio is rational.
Index Terms—signal sampling, period estimation, topological
data analysis, periodic time-series data, time delay embedding
I. INTRODUCTION
A short sequence of samples taken at sub-Nyquist frequency
rarely allows for determining the period of a continuous signal.
Clearly, it is not possible unless some sparsity conditions are
imposed on the class of the considered signals. Intuitively, any
extra sample-sequences should help in finding a better estimate
for the unknown period even if the time offsets between
the sequences are not known. The aim of this paper is to
augment the intuition by showing that the period of the signal
is uniquely determined by the set of all sample-sequences of
a given length. For this, we embed the sample-sequences into
a multi-dimensional space:
sd,τ (t) = [s(t), s(t+ τ), . . . , s(t+ (d− 1)τ)] ∈ Rd, (1)
where d is the length of the sequence and τ is the sampling
period. Such an embedding was proposed in [1] and [2] in
order to study the dynamics of nonlinear systems. It has also
been used in topological data analysis [3] to identify qualitative
properties of the data-sets. We denote the set of all points (1)
by Sd,τ , i.e.,
Sd,τ =
{
sd,τ (t) : t ∈ R
} ⊂ Rd. (2)
If signal s is continuous and periodic, then Sd,τ is a closed
curve. In this paper, we show that if a T -periodic signal s
satisfies some regularity conditions, then curve Sd,τ defines
a homeomorphism Rτ of curve Sd−1,τ which is formed by
sample-sequences of length d−1. Poincar showed [4] that each
homeomorphism of a closed curve has a topological invariant
called the rotation number. In this paper, we prove that the
rotation number ofRτ equals τ/T . Therefore, Sd,τ determines
period T provided that sampling period τ is given.
It is known that each T -periodic signal can be reconstructed
from an infinite sequence of its samples taken with any
sampling period τ < T such that τ/T is irrational [5], [6]. In
this paper, we prove that a similar reconstruction is possible
from the infinite set of finite-length sample-sequences, i.e.,
we may reconstruct a periodic signal from its curve Sd,τ .
In [7] and [8] the author shows that periodic signals can be
reconstructed from a probabilistic distribution defined on their
curves Sd,τ . The result presented in this paper shows, that
such a distribution is not needed if the sampling period and
the signal period are incommensurable.
II. PERIODIC COVERING MAPS
Definition. A T -periodic mapping p : R → Rd is called
a covering map if p restricted to any interval of length smaller
than T is a homeomorphism, i.e., if each such restriction is
continuous and has continuous inverse function.
Notice that if a T -periodic mapping p : R → Rd is a
covering map, then the image of p does not have self-
intersections and thus this image is homeomorphic to a circle.
Example 1. Let s : R→ R be a 1-periodic signal defined as
s(t) = sin2(pit) sin (2pit (1 + t)) , for t ∈ [0, 1]. (3)
Figure 1 shows the graph of signal s. Curve S2,0.2 has
intersections as shown in Fig. 2a and thus s2,0.2 is not
a covering map. However, sd,0.2 is a covering map for d = 3
(see Fig. 2b), and thus it is also a covering map for any d > 3.
The last statement of the above example results from the
following lemma, which is a direct consequence of (1) and
the definitions of T -periodic covering maps.
Lemma 1. If s is a signal for which sd,τ is a T -periodic
covering map, then sd+1,τ is also a T -periodic covering map.
III. ROTATION NUMBER
Let a curve S be the image of a T -periodic covering map
p : R→ Rd and let R : S → S be a homeomorphism.
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Fig. 1. A 1-periodic signal s considered in Example 1.
Definition. A mapping F : R → R is called a lift of R
across p if
R ◦ p = p ◦ F, (4)
where symbol ◦ denotes function composition.
If sd,τ is a T -periodic covering map, then there exists
a natural homeomorphism Rτ of curve Sd,τ :
Rτ : Sd,τ → Sd,τ Rτ (sd,τ (t)) = sd,τ (t+ τ) . (5)
The above definition implies that translation
Tτ : R→ R, Tτ (x) = x+ τ (6)
is a lift of Rτ across sd,τ , i.e.,
Rτ ◦ sd,τ = sd,τ ◦ Tτ . (7)
Definition. Rotation number of an orientation-preserving
homeomorphism R of a closed curve is defined as the limit
ρ(R) = lim
n→∞
Fn(x)− x
nT
mod 1, (8)
where x ∈ R is an arbitrary point, F : R → R is a lift of R
across a T -periodic covering map p, and where Fn stands
for n-fold composition of F with itself.
Poincar [4] showed that the choice of point x, lift F and
covering map p does not affect the value of (8) (see also [9] for
a comprehensive treatment of the subject). He also showed that
the rotation number is invariant under topological conjugacy,
i.e., if R and Q are two homeomorphisms of the same closed
curve, then the rotation number ofR is the same as the rotation
number of Q−1 ◦ R ◦ Q.
Substituting p = sd,τ , F = Tτ and R = Rτ into (8) yields
ρ(Rτ ) = τ
T
mod 1. (9)
We conclude the above consideration with the following
lemma.
Lemma 2. If s is a T -periodic signal such that sd,τ is
a covering map for τ < T , then ρ(Rτ ) = τ/T , where Rτ
and ρ(Rτ ) are defined by (7) and (8), respectively.
IV. PERIOD RECONSTRUCTION
Let s be a periodic signal. If its curve Sd,τ is given, then
we can recover any other curve Sd′,τ for d′ < d by projecting
Sd,τ onto Rd′ with a mapping:
[x1, . . . , xd] 7→ [x1, . . . , xd′ ]. (10)
Moreover, if sd′,τ happens to be a covering map, then home-
omorphism Rτ : Sd′,τ → Sd′,τ is determined by curve Sd,τ
(with some abuse of notation we denote by the same symbol
Rτ all the homeomorphisms defined by (5) independently of
the valued of d). The above fact is implied by Lemma 1 and
the observation stated below as Lemma 3.
Lemma 3. If s is a periodic signal such that sd,τ is a covering
map, then Rτ : Sd,τ → Sd,τ , defined by (5), is uniquely
determined by Sd+1,τ :
Rτ ([x1, . . . , xd]) = [x2, . . . , xd+1], (11)
for each [x1, . . . , xd+1] ∈ Sd+1,τ .
Lemmas 2 and 3 imply the following theorem, which
provides conditions under which curve Sd+1,τ determines the
period of a periodic signal s.
Theorem 1. Let s be a T -periodic signal such that sd,τ is
a covering map. If τ < T , then curve Sd+1,τ determines
period T as
T = τ/ρ (Rτ ) , (12)
where homeomorphism Rτ is defined by (11).
Notice that without condition τ < T in the assertion of the
above theorem, all that could be deduced from Sd,τ is that
period T is of the form
T =
τ
ρ (Rτ ) + n, (13)
for some non-negative integer n.
V. SIGNAL RECONSTRUCTION
In the previous section, we showed that the period of
a periodic signal may be recovered from its curve Sd+1,τ
formed by all (d + 1)-sample sequences taken with a fixed
sampling period τ . An interesting question is whether it is also
possible to reconstruct the whole signal s from that curve. The
answer to this question depends on the rotation number of the
homeomorphism Rτ .
Theorem 2. Let s be a T -periodic signal such that sd,τ is
a covering map for some τ < T , and let Rτ : Sd,τ → Sd,τ
be the homeomorphism defined by (11). If rotation number
ρ(Rτ ) is irrational, then curve Sd+1,τ determines signal s up
to a time shift.
Proof: By Theorem 1 we can assume that period T is
known. Let q be a point lying in Sd,τ . This point equals
sd,τ (t0) for some t0 ∈ [0, 1). We set
s1(0) = pi1(q) = s(t0), (14)
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Fig. 2. Curves Sd,0.2 for signal s considered in Example 1.
where pi1 denotes the projection to the first coordinate, i.e.,
pi1([x1, . . . , xd]) = x1. Since the rotation number ρ(Rτ ) =
τ/T is irrational, multiples of τ form a dense subset of interval
[0, T ) when considered modulo T . Therefore, for any t ∈ R
there exists a sequence k1, k2, . . . of positive integers such
that
lim
n→∞ knτ = t mod T. (15)
We set
s1(t) = pi1
(
lim
n→∞R
kn
τ (q)
)
= s(t0 + t). (16)
Thus, we obtain a signal s1 : R→ R, which differs from s by
a time shift only.
If the rotation number of homeomorphism Rτ is rational,
then Sd,τ is not enough to recover signal s up to a time shift,
what is shown in the following example.
Example 2. Let τ = p/q for some positive integers p <
q. Signal s(t) = sin 2pit is a 1-periodic signal and sd,τ is
a covering map for all d ≥ 2 (S2,τ is an ellipse). Let r be a
homeomorphism of R defined as
r(t) = t+
1
4piq
sin (2piqt) . (17)
Signal s′ = s ◦ r is another 1-periodic signal, for which
s′d,τ = sd,τ ◦ r (18)
are covering maps for all d ≥ 2. Signals s and s′ do not differ
by a time shift only. However, curves Sd,τ defined for signal s
are the same as the corresponding curves constructed for s′
since the image of s′d,τ is the same as the image of sd,τ for
each d ≥ 2.
It is worth to note that, although Sd,τ is not enough to
recover the underlying signal s, it is possible to reconstruct
signal s from the probabilistic distribution on Sd,τ which
results from uniform probabilistic distribution of the starting
times of the sample-sequences [7], [8].
VI. CONCLUSION
We showed that curve Sd,τ formed by sample-sequences of
length d ≥ 3 carries valuable information on sampled signal s.
If sd−1,τ is a covering map, then the period T of signal s can
be recovered from curve Sd,τ (Theorem 1). Moreover if ratio
τ/T is irrational then Sd,τ determines signal s up to a time
shift (Theorem 2). We believe that the above observations and
the constructions proposed in this paper can lead to some new
methods for period estimation and signal reconstruction in the
cases where a finite number of sample-sequences are given
but their starting time instants are not known.
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